Corrections to scaling in the two-dimensional scalar ϕ 4 model are studied based on non-perturbative analytical arguments and Monte Carlo (MC) simulation data for different lattice sizes L (4 ≤ L ≤ 1536) and different values of the ϕ 4 coupling constant λ, i. e., λ = 0.1, 1, 10. According to our analysis, amplitudes of the nontrivial correction terms with the correction-to-scaling exponents ω ℓ < 1 become small when approaching the Ising limit (λ → ∞), but such corrections generally exist in the 2D ϕ 4 model. Analytical arguments show the existence of corrections with the exponent 3/4. The numerical analysis, supported by arguments of the conformal field theory, suggests that there exists also a correction with the exponent 1/2, which is detectable at λ = 0.1. We have tested the consistency of susceptibility data with corrections, represented by an expansion in powers of L −1/4 . We conclude that a correction with exponent ω = 1/4, probably, also exists.
Introduction
The ϕ 4 model is one of the most extensively used tools in analytical studies of critical phenomena -see, e. g., [1] [2] [3] [4] [5] [6] [7] . These studies have risen also a significant interest in numerical testing of the theoretical results for this model. Recently, some challenging nonperturbative analytical results for the corrections to scaling in the ϕ 4 model have been obtained [8] , which could be relatively easily verified numerically in the two-dimensional case. Therefore, we will further focus just on this case. Although the analytical studies are based on the continuous ϕ 4 model, its lattice version is more convenient for Monte Carlo (MC) simulations. Earlier MC studies of the 2D lattice model go back to the work by Milchev, Heermann and Binder [9] . The continuous version has been simulated, e. g., in [10] . In [9] , effective critical exponents ν ≈ 0.8 for correlation length and γ ≈ 1. 25 for susceptibility have been obtained, based on the simulation data for lattices sizes up to L = 20. The considered there a scalar 2D ϕ 4 model should belong to the 2D Ising universality class with the exponents ν = 1 and γ = 7/4, so that these effective exponents point to the presence of remarkable corrections to scaling. A later MC study [11] of larger lattices, up to L = 128, has supported the idea that this model belongs to the 2D Ising universality class, stating that the asymptotic scaling is achieved for L 32. Apparently, numerical studies cause no doubts that the leading scaling exponents for the two-dimensional scalar ϕ 4 model and the 2D Ising model are the same. However, it is still important to refine further corrections to scaling. Indeed, the 2D ϕ 4 model can contain nontrivial correction terms, which do not show up or cancel in the 2D Ising model. We will focus on this issue in the following sections.
Analytical arguments
Here we will review the important non-perturbative analytical arguments of [8] in the context of some other known results. These arguments are based on the continuous ϕ 4 model in the thermodynamic limit with the Hamiltonian H given by
where the order parameter ϕ(x) is an n-component vector with components ϕ i (x), depending on the coordinate x, T is the temperature, and k B is the Boltzmann constant. It is assumed that the order-parameter field ϕ i (x) does not contain the Fourier components ϕ i (k) with k > Λ, i. e., there exists the upper cut-off parameter Λ. Here r 0 is the only T -dependent parameter in the right hand side of (1), the dependence being linear. Assuming the power-law singularity of the correlation length, ξ ∼ t −ν at small reduced temperature t → 0, the leading singular part of specific heat C sing V can be expressed as [8] 
where G(k) is the Fourier-transformed two-point correlation function, and G * (k) is its value at the critical point. The superscript "sing" implies the leading singular contribution, ξ is the correlation length, and Λ ′ is a constant. This expression is valid for any positive Λ ′ < Λ, since the leading singularity is provided by small wave vectors with the magnitude k =| k |→ 0, so that the contribution of finite wave vectors Λ ′ ≤ k ≤ Λ is irrelevant. In other words, C sing V is independent of the constant Λ ′ . The leading singularity of specific heat in the form of C sing V ∝ (ln ξ) λ ξ α/ν and the twopoint correlation function in the asymptotic form of [8] . The latter two expressions represent the conventional scaling hypothesis, where θ 0 = 0, θ ℓ with ℓ ≥ 1 are the correction-to-scaling exponents, and g ℓ (kξ) are the scaling functions. One has to note that, according to the self-consistent scaling theory of logarithmic correction exponents in [12] , logarithmic corrections can generally appear also in ξ as function of t, as well as in G(k). Nevertheless, the consideration in [8] covers the usual case of λ = 0, where no logarithmic corrections are present, as well as the important particular case of α = 0 and λ = 1, where the logarithmic correction appears only in specific heat, as in the 2D Ising model [12] . The considered in [8] scaling forms appear to be general enough for our analysis of the ϕ 4 model below the upper critical dimension d < 4, where ξ and G(k) have no logarithmic corrections according to the known results, except only for the case of the Kosterlitz-Thouless phase transition at n = 2 and d = 2.
A theorem has been proven in [8] , stating that the two-point correlation function of the considered here ϕ 4 model necessarily contains a correction with the exponent θ ℓ = γ + 1 − α − dν, if C sing V can be calculated from (2), applying the considered here scaling forms, if the result is Λ ′ -independent, and if the condition γ + 1 − α − dν > 0 is satisfied for the critical exponents. According to the known hyperscaling hypothesis α + dν = 2, it yields θ ℓ = γ − 1 for γ > 1. Apparently, all the listed here conditions of the theorem are satisfied for d = 3 and n ≥ 1, as well as for d = 2 and n = 1. Indeed, the condition of Λ ′ -independence is generally meaningful, since the critical singularities are provided by longwave fluctuations, whereas the assumed here scaling forms and the relations α + dν = 2, γ > 1 and, consequently, γ + 1 − α − dν > 0 hold in these cases, according to the current knowledge about the critical phenomena.
The consequences of the theorem have been discussed in detail in [8] . Here we only note that the existence of a correction with exponent θ ℓ = 3/4 in the scalar (n = 1) 2D ϕ 4 model follows from this theorem, if γ = 7/4 and ν = 1 hold here, as in the 2D Ising model. It corresponds to a correction exponent ω ℓ = θ ℓ /ν = 3/4 in the critical two-point correlation function, as well as in the finite-size scaling. Since this exponent not necessarily describes the leading correction term, the prediction is ω ≤ 3/4 for the leading correctionto-scaling exponent ω. An evidence for a nontrivial correction with non-integer exponent (which might be, e. g., 1/4) in the finite-size scaling of the critical real-space two-point correlation function of the 2D Ising model has been provided in [13] , based on an exact enumeration by a transfer matrix algorithm. This correction, however, has a very small amplitude and is hardly detectable. Moreover, such a correction has not been detected in susceptibility. Usually, the scaling in the 2D Ising model is representable by trivial, i. e., integer, correction-to-scaling exponents when analytical background terms (e. g., a constant contribution to susceptibility) are separated -see, e. g., [14] [15] [16] and references therein. The discussions have been focused on the existence of irrelevant variables [17, 18] . In particular, the high-precision calculations in [18] have shown that the conjecture by Aharony and Fisher about the absence of such variables [19, 20] fails.
The above mentioned theorem predicts the existence of nontrivial correction-to-scaling exponents in the 2D ϕ 4 model. It can be expected that the nontrivial correction terms of the ϕ 4 model usually do not show up or cancel in the 2D Ising model. This idea is not new. Based on the standard field-theoretical treatments of the ϕ 4 model, ω = 4/3 has been conjectured for the leading nontrivial scaling corrections at n = 1 and d = 2 in [3, 21] . However, it contradicts our theorem, which yields ω ≤ 3/4. This discrepancy is interpreted as a failure of the standard perturbative methods -see [7] and the discussions in [8] . One has to note that the alternative perturbative approach of [6] , predicting ω ℓ = ℓη (where ℓ ≥ 1 is an integer) with η = 2 − γ/ν = 1/4 for n = 1 and d = 2, is consistent with this theorem.
Monte Carlo simulation of the lattice ϕ 4 model
We have performed MC simulations of the scalar 2D ϕ 4 model on square lattice with periodic boundary conditions. The Hamiltonian H is given by
where −∞ < ϕ i < ∞ is a continuous scalar order parameter at the i-th lattice site, and ij denotes the set of all nearest neighbors. This notation is related to the one of [22] via β = 2κ and ϕ = φ. We have denoted the coupling constant at ϕ i ϕ j by β to outline the similarity with the Ising model. Swendsen-Wang and Wolff cluster algorithms are known to be very efficient for MC simulations of the Ising model in vicinity of the critical point [23] . However, these algorithms update only the spin orientation, and therefore are not ergodic for the ϕ 4 model. The problem is solved using the hybrid algorithm, where a cluster algorithm is combined with Metropolis sweeps. This method has been applied to the 3D ϕ 4 model in [22] . In our simulations, we have applied one Metropolis sweep after each N W Wolff single cluster algorithm steps. Following [22] , the order parameter is updated as ϕ ′ i = ϕ i + s(r − 1/2) in one Metropolis step, where s is a constant and r is a random number from a set of uniformly distributed random numbers within [0, 1] . Here N W and s are considered as optimization parameters, allowing to reach the smallest statistical error in a given simulation time. We have chosen N W such that N W c /L 2 is about 2/3 or 0.6, where c is the mean cluster size. The optimal choice of s depends on the Hamiltonian parameters. Our simulations have been performed at λ = 0.1, λ = 1, λ = 10 and at such values of β, which correspond to U = m 4 / m 2 2 = 1.17 and U = 2, m being the magnetization per spin. At U = 1.17, we have chosen s = 4 for λ = 0.1, s = 4 for λ = 1 and s = 3 for λ = 10. At U = 2, the corresponding values are s = 3.5, s = 3 and s = 2. For comparison, s = 3 has been used in [22] .
We have used the iterative method of [24] to find β, corresponding to certain value of U , as well as a set of statistical averaged quantities at this β, called the pseudo-critical coupling β c (L). We have performed high statistics simulations for evaluation of the derivative ∂U/∂β and the susceptibility χ = N m 2 , where N = L 2 is the total number of spins. For each lattice size L, these quantities have been estimated from 100 iterations (simulation bins) in vicinity of β = β c (L), collected from one or several simulation runs, discarding first 10 iterations of each run for equilibration. One iteration included 10 6 steps of the hybrid algorithm, each consisting of one Metropolis sweep and N W Wolff algorithm steps, as explained before. To test the accuracy of our iterative method, we have performed some simulations (for U = 2 and λ = 0.1) with 2.5 × 10 5 hybrid algorithm steps in one iteration, and have verified that the results well agree with those for 10 6 steps. Moreover, we have used two different pseudo-random number generators, the same ones as in [25] , to verify that the results agree within the statistical error bars.
Note that the quantity U is related to the Binder cumulant B = 1 − U/3 [9] . In the thermodynamic limit, we have B = 0 (U = 3) above the critical point, i. e., at T > T c or β < β c , and B = 2/3 (U = 1) at T < T c or β > β c . Thus, the pseudo-critical coupling β c (L), corresponding to a given U in the range of 1 < U < 3, tends to the true critical coupling β c at L → ∞. We have chosen one U value, U = 2 in the middle of the interval and the other one, U = 1.17, close to the critical value U * at β = β c and L → ∞. In most of the cases, MC simulations have been performed for lattice sizes 4 ≤ L ≤ 128. At λ = 0.1 and U = 2, the simulations have been extended up to L = 1536 for a refined analysis. A parallel algorithm, similar to that one used in [24] , helped us to speed up the simulations for the largest lattice size L = 1536. The Wolff algorithm has been parallelized in this way, whereas the usual ideas of splitting the lattice in slices [23] have been applied to parallelize the Metropolis algorithm. In the current application, the parallel code showed a quite good scalability (for Wolff, as well as Metropolis, algorithms) up to 8 processors available on one node of the cluster. The simulation results are collected in Tabs. 1 to 6.
Monte Carlo analysis 4.1 Critical parameters
According to the finite-size scaling theory, U behaves asymptotically as U = F (β − β c )L 1/ν (see, e. g., the references in [22] ) for large lattice sizes in vicinity of the critical point, where F (z) is a smooth function of z. Hence, the pseudo-critical coupling β c behaves as
at large L, where the coefficient a depends on U and λ. Since ν = 1 holds in this model, it is meaningful to plot β c vs 1/L as it is done in Fig. 1 . At the critical U value, U = U * , the coefficient a vanishes and the asymptotic convergence of β c to the critical coupling β c is faster than ∼ 1/L. As one can judge from Fig. 1 , it occurs at U about 1.17 for all λ. In this sense U * is universal. Our techniques allow us to recalculate the data for slightly different U , such as U = 1.16 and U = 1.18, by using the Taylor series expansion. In this way, we have verified that 1.17 is likely to be the correct rounded value of U * . It agrees with the known MC estimate of the critical Binder cumulant B * = 1 − U * /3 ≈ 0.61 referred in [9] . The fact that U * ≈ 1.17 is the correct rounded value is confirmed by an accurate estimation in [17] , yielding U It is somewhat unexpected that β c appears to be a non-monotonous function of λ. It can be explained by two competing effects. On the one hand, fluctuations increase with decreasing of λ, and therefore β c tends to increase. Indeed, β c at λ = 1 is remarkably larger than that at λ = 10. On the other hand, an effective interaction between spins becomes stronger for small λ because | ϕ i | and therefore also ϕ i ϕ j for neighboring spins increases in this case. It can explain the fact that β c at λ = 0.1 is slightly smaller than that at λ = 1.
Analysis of corrections to scaling
According to the idea that the actual ϕ 4 model is described by the same critical exponents γ = 7/4 and ν = 1 as the 2D Ising model, it is expected that χ/L 7/4 and (∂U/∂β)/L at β = β c (L) tend to some nonzero constants at L → ∞. The data in Tabs. 1 to 6 are consistent with this idea. The L-dependence of χ/L 7/4 and (∂U/∂β)/L is caused by corrections to scaling. Thus, we have The plots in Figs. 2 and 3 are rather linear at λ = 10 and become more nonlinear when λ is decreased. The nonlinearity is most pronounced at λ = 0.1 and U = 2. It is interesting to note that the χ/L 7/4 vs 1/L plots in Fig. 2 show a very good linearity for small L, as indicated in Fig. 2 by linear fits over L ≤ 12. At λ = 1 and, particularly, λ = 0.1 these plots become more nonlinear for larger lattice sizes. In fact, an opposite behavior would be normally expected if these plots are asymptotically linear at L → ∞. We have performed a refined analysis in the case of λ = 0.1 and U = 2, where the strongest nonlinearity has been observed, in order to check the possible nontrivial corrections to scaling. We have found that the (∂U/∂β)/L vs L −1/2 plot is approximately linear within the whole range of sizes 4 ≤ L ≤ 1536, as it can be seen in Fig. 4 . The fit to
with fixed ω = 1/2 is fairly good within 16 ≤ L ≤ 1536. The χ 2 of the fit per degree of freedom, i. e., χ 2 /d.o.f. is 1.22 in this case. The fit is shown in Fig. 4 by straight line. Considering ω as a fit parameter, we obtain ω = 0.474(26) with χ 2 /d.o.f. = 1.22. A reasonable explanation of these results is such that (6) contains a term with the exponent 1/2, which is the leading term within 16 ≤ L ≤ 1536, at least, for the actual parameters λ = 0.1 and U = 2. From the numerical analysis alone one can judge that this exponent is about 1/2. However, it is likely to be true that its value is exactly 1/2, owing to the arguments of the conformal field theory [27] , predicting rational values of the critical exponents for 2D models and quite simple ones for the 2D Ising model. According to the analytical arguments in Sec. 2, a correction term with exponent 3/4 exists in the two-point correlation function. Thus, it is expected in (5) -(6), as well. As explained in Sec. 2, extra correction terms with smaller exponents are also possible. The current analysis provides an evidence for such a correction with exponent 1/2. According to the predictions of [6] , a correction term with exponent 1/4 is also expected. Our analysis of the (∂U/∂β)/L data does not provide any evidence for such a correction. However, there is no contradiction with this conception, if we assume that the amplitude of the latter correction term is relatively small. In this case the behavior in Fig. 4 should be changed for large enough lattice sizes to the ∼ L −1/4 asymptotic convergence.
We have analyzed the χ/L 7/4 data in Tab. 1 to clarify whether there could exist also a nontrivial correction with the exponent 1/4 in addition to those with correction-to-scaling 
with different fixed values of a 3 . The latter coefficient has been fixed, since a consideration of a 3 as an extra fit parameter results in too large statistical errors. We have found that the coefficients a k with k = 0, 1, 2 are stabilized and the quality of fits is greatly improved at certain values of a 3 about 1.76. The results for a 3 = 1.76 are shown in Tab. 8 . The values of a k in Tab. 8 almost do not change within the considered range of sizes, and all fits are good. From this we conclude: (i) the actual χ/L 7/4 data are well consistent with the expansion (9) in powers of L −1/4 ; (ii) if this is the correct expansion, then the true asymptotic expansion coefficients a 0 , a 1 and a 2 are expected to be quite similar to those in Tab. 8. It provides an evidence for the existence of a ∝ L −1/4 correction term in addition to ∝ L −1/2 and ∝ L −3/4 corrections, supported by our previous arguments.
The overall behavior of the (∂U/∂β)/L and χ/L 7/4 data can be interpreted in such a way that nontrivial corrections in the form of the expansion in powers of L −1/4 generally exist, although corrections with ω k < 1 in (5) and (6) can be well detectable only for small values of λ, such as λ = 0.1, since the amplitudes of these correction terms decrease with increasing of λ and approaching the Ising limit λ → ∞. At large λ, the expansion coefficients at 1/L are relatively large, which explains the fact that the (∂U/∂β)/L vs 1/L and χ/L 7/4 vs 1/L plots look almost linear at λ = 10.
Summary and conclusions
Corrections to scaling in the scalar 2D ϕ 4 model have been studied based on analytical arguments (Sec. 2) and Monte Carlo analysis (Sec. 4.2). Our analysis supports the finitesize corrections near criticality, representable by an expansion of a correction factor in powers of L −1/4 . The analytical arguments show the existence of such an expansion term, which is proportional to L −3/4 , whereas the MC analysis of the (∂U/∂β)/L data for lattice sizes 4 ≤ L ≤ 1536 provides an evidence for a ∝ L −1/2 correction, taking into account also the arguments of the conformal field theory, suggesting that the exponents should be simple rational numbers in the two-dimensional case. Moreover, the analysis of the χ/L 7/4 data shows that a non-vanishing ∝ L −1/4 term, most probably, also exists if the correct expansion is, indeed, representable by an expansion in powers of L −1/4 . However, these nontrivial corrections can be well detectable only at small ϕ 4 coupling constants λ, such as λ = 0.1. They become relatively small and the trivial ∝ L −1 correction dominates at large λ values, or approaching the Ising limit λ → ∞.
Apart from corrections to scaling, we have estimated the critical parameters (β c depending on λ, as well as U * ) in Sec. 4.1 and have discussed an interesting phenomenon that the critical temperature (1/β c ) appears to be a non-monotonous function of λ.
